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Abstract 

In this article we investigate whether the addition-free theta func¬ 
tions form a canonical notation system for the linear versions of Fried¬ 
man’s well-partial-orders with the so-called gap-condition over a finite 
set of labels. Rather surprisingly, we can show this is the case for 
two labels, but not for more than two labels. To this end, we deter¬ 
mine the order type of the notation systems for addition-free theta 
functions in terms of ordinals less than eq . We further show that the 
maximal order type of the Friedman ordering can be obtained by a 
certain ordinal notation system which is based on specific binary theta 
functions. 


1 Introduction 

A major theme in proof theory is to provide natural independence results 
for formal systems for reasoning about mathematics. The most prominent 
system in this respect is hrst order Peano arithmetic, or almost equivalently 
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its second order version ACAq. Providing natural independence results for 
stronger systems turned out to be rather difficult. The strongest system 
considered in reverse mathematics [16] is flj-CAo which formalizes full fl]- 
comprehension (with paramters) over RCAq. Buchholz [2] provided a natural 
hydra game for n]-CAo but this follows closely a path which is delineated 
by the classihcation of the provably recursive functions in terms of a cor¬ 
responding Hardy hierarchy. Harvey Friedman [TJ] obtained a spectacular 
independence result for HJ-CAq by considering well-quasi-orders on labeled 
trees on which he imposed a so-called gap-condition. It is still open to clas¬ 
sify the strength of Friedman’s assertion for the case that the set of labels 
consists of n elements where n is hxed from the outside. Nowadays it is 
known that the proof-theoretic strength of a well-quasi-order-principle can 
be measured in terms of the maximal order type of the well-quasi-order under 
consideration. The maximal order type for the Friedman ordering is known 
for n = 1 by results of Schmidt and Friedman. Recently the case n = 2 has 
been settled and the case for n > 3 seems to be possible to obtain. It turned 
out that the maximal order type for n = 2 can be expressed using higher 
collapsing functions and 'di. 

As a preliminary step in classifying the general case it seems natural to 
classify the situation where trees are replaced by sequences over a hnite set 
of cardinality n. The hope is that the simpler case indicates how to deal 
with the general case of trees. Investigations on hnite sequences with respect 
to the Friedman ordering have been undertaken by Schiitte and Simpson 
|14j . They showed how the Friedman ordering can be reduced to suitably 
nested versions of the Higman ordering [7|. Moreover they considered the 
corresponding Buchholz-style ordinal notation system in which the addition 
function has been dropped. Curiously this lead to an ordinal notation system 
which in the limit (for unbounded n) reached Cq. It is quite natural to 
consider hnite sequences as iterated applications of unary functions and it is 
quite natural to ask whether the ordinal notation system which is based on 
n collapsing functions (which in [H] are denoted by tto, ..., vr^) generates the 
maximal order type for the Friedman ordering Sn for sequences over a set 
with n elements. But it turns out that this is not the case: to produce the 
maximal order type for Sn one needs the functions ttq, ..., n 2 n- It is known 
that the so called theta functions di grow more quickly than the functions 
TTj and it is natural whether their addition-free analogues -^o,... ,-^n generate 
the maximal order type of S'„. For n = 2 this turned out to be true and so 
one would expect that this would generalize to n > 3. Quite surprisingly this 
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is again not the case. To obtain the maximal order type of S'„ one requires 
the functions 'do,, ’^ 2 -n- 3 - 

So the question remains whether Sn can be realized by a suitable choice 
of unary functions. It turns out that this, as we will show, is indeed possible 
using specihc binary theta functions. However, with unary functions the 
question is still open. 

In a sequel project, we intend to determine the relationship between 
other ordinal notation systems without addition (e.g. ordinal diagrams HT], 
Gordeev-style notation systems [6] and non-iterated 'd-functions [3l[20]) with 
the systems used in this article. 

2 Preliminaries 

2.1 Well-partial-orders 

Well-partial-orders are the natural generalizations of well-orders. They have 
applications in computer science, commutative algebra and logic. 

Definition 1 A well-partial-order (hereafter wpoj is a partial order that 
is well-founded and does not admit infinite antichains. Hence, it is a partial 
order {X, <x) such that for every infinite sequence in X there exist 

two indices i < j such that Xi <x Xj. If the ordering is clear from the context, 
we do not write the subscript X. 

wpo’s appear everywhere in mathematics. For example, they are the main 
ingredients in Higman’s theorem |7] , Graph Minor theorem [5] , Fraisse’s order 
type conjecture |9] and Kruskal’s theorem [8]. The latter is used in held of 
term rewriting systems. 

In this paper, we are interested in wpo’s with the so-called gap-condition 
introduced in [15]. We are especially interested in the linearized version, 
which is already studied by Schiitte and Simpson [T3] (see subsection 12.21 for 
more information). With regard to these wpo’s, we want to study ordinal no¬ 
tation systems which correspond to their maximal order types and maximal 
linear extensions. 

Definition 2 The maximal order type of the wpo {X, <x) is equal to 
sup{q!.- :< is a well-order on X and otype{X,^) = a}. We de¬ 

note this ordinal by o(X, <x) or by o{X) if the ordering is obvious from the 
context. 
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The following theorem by de Jongh and Parikh |3] shows that this supre- 
mum is actually a maximum. 

Theorem 1 (de Jongh and Parikh [4j) Assume that {X,<x) is a wpo. 
Then there exists a well-order :< on X which is an extension of <x such that 
otype{X, :<) = o(X, <x). 

Definition 3 Let X be a wpo. Every well-order ■< on X that satisfies The- 
orem{J\is called a maximal linear extension. 

The following dehnition and lemma are very useful. 

Definition 4 A quasi-embedding e from the partial order {X, <x) to the 
partial order (Y,<y) is a mapping such that for all x,x' G X, if e{x) <y 
e{x'), then x <x x' holds. 

Lemma 1 Assume that e is a quasi-embedding from the partial order X to 
the partial order Y. IfY is a wpo, then X is also a wpo and o{X) < o{Y). 

Notation 1 Let a be an ordinal. Define a;o[«] as a and a;„+i[Q!] as oj‘^AA _ 
Write Un for the ordinal a;„[l]. 

2.2 Well-partial-orders with the gap-condition 

In 1982, Harvey Friedman introduced a well-partial-order of hnite rooted 
trees with labels in {0,... ,n — 1} with a gap-embeddability relation on it. 
This was later published by Simpson in [15]. This wpo was very important, 
because it was one of the hrst natural examples of statements not provable 
in the strongest theory of the Big Five in Reverse Mathematics, HJ-CAq. 

Definition 5 Let T„ be the set of finite rooted trees with labels in {0 ,... ,n — 
1}. An element of is of the form (T, Z), where T is a finite rooted tree, 
which we see as a partial order on the set of nodes, and I is a labeling function, 
a mapping from T to the set {0,... ,u — 1}. Define (Tifii) <gap (^ 2 ,^ 2 ) if 
there exists an injective order- and infimum-preserving mapping f from Ti 
to T 2 such that 

1. Vr G Ti, we have /i(t) = hifir)). 
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2. Vr G Ti and for all immediate successors t' G Ti of r, we have that if 
r G T 2 is strictly between f{T) and fir'), thenhij) > hi, fir')) = hir'). 

Theorem 2 (Simpson/Friedman |’T5j) For all n, (t„, <gap) is a wpo and 
nJ-CAo 1/ Vn < a; <gap) is a wpo’. 

We are interested in the linearized versions of these wpo’s, which have 
been studied extensively by Schiitte and Simpson [T3]. Before we give the 
dehnition of these linearized wpo’s, we introduce the disjoint sum and carte¬ 
sian product between wpo’s and the Higman ordering. 

Definition 6 Let Xq and Xi be two wpo’s. Define the disjoint sum Xq + 
Xi as the set {(x, 0) : x G Xo}U{(|/, 1) : ?/ G W} with the following ordering: 

[x, i) < (yj) ^i = i andx <Xi y. 

For an arbitrary element (x,i) in Xq -|- Xi, we omit the second coordinate i 
if it is clear from the context to which set the element x belongs to. Define 
the cartesian product Xq x Xi as the set {{x,y) : x G Xq,?/ G Xi} with 
the following ordering: 

(x, y) < (x', y’) x <Xo x' and y <Xi y'- 

Definition 7 Let X* be the set of finite sequences over the partial order 
(X, <x) ■ Denote xq ... Xk-i 2/o • • • Ui-i if there exists a strictly increasing 

function f : {0,..., fc — 1} —)■ {0,..., / — 1} such that for all 0 < i < k — 1, 
Xi <x Vfii) holds. If the ordering on X is clear from the context, we write 
X* instead of (X*, <x). 

Hence, if we write X*, we mean the set of of hnite sequences over X 
or the partial order (X*, <3^). The context will make clear what we mean. 
Dehne S„ as {0,..., n — 1}* and S as N*. S„ and S are either sets of hnite 
sequences or partial orders. 

Theorem 3 (de Jongh-Parikh|3j, Schmidt P^j) If Xq, Xi and X are 

wpo’s, then Xq -|- Xi, Xq x Xi and X* are still wpo’s, and 

o(Xo + Xi) =o(Xo)©o(Xi), 
o(XoxXi)=o(Xo)®o(Xi), 
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where 0 and 0 is the natural sum and product between ordinals, and 


r ^ if o{X) is finite, 

o{X*) = { z/o(X) = e + n, with e an epsilon number and n < u, 

I otherwise. 

Now, we define the linearized versions of the gap-embeddability relation. 

Definition 8 In this context, let Sn be the set of the finite sequences over 
{0,..., n — 1}. Id^e say that s = Sq ... Sk-i ^o - ■ ■ */ there exists 

a strictly increasing function / : {0,..., A; — 1} ^ {0,..., / — 1} such that 

1. for all t) < i < k — 1, we have Si = s'^^^y 

2. for allt) <i < k — 1 and all j between f{i) and f{i + 1), the inequality 
s'j > 4(i+i) = ^*+1 holds. 

This ordering on S„ is called the weak gap-embeddability relation. The 
partial order (Sn, <gap) ts also denoted by S^. The strong gap-embedda¬ 
bility relation fulfills the extra condition 

3. for all j < /(O), we have s'- > = Sq. 

This ordering on S„ is denoted by <ian We also write S® for the partial order 

fs <^1 

\‘^ni —gap) ’ 

We now give an overview of the results in the article of Schiitte and 
Simpson ig. 

Theorem 4 fSchutte-Simpson (14] . Simpson/Friedman Foralln, 
(Sn, <gap) ond (Sn, <gnp) OrC Wpo’s. 

Theorem 5 fSchutte-Simpson |14j i 

ACAo Vn < w '(Sn, <gap) is a wpo’, 

ACAo 1/Vn < a; '(Sn, <lap) is a wpo’. 

Theorem 6 (Schutte-Simpson |14j ) 

For all n, ACAq h '(Sn, <gap) ts a wpo’, 

For all n, ACAq h '(Sn, <gap) ts a wpo’. 
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Definition 9 Denote the subset of S„ of elements Sq .. .Sk that fulfill the 
extra condition Sq < i by S„[i]. Accordingly as in Definition\^ (Sn[*], —gap)> 
respectively (Sn[z], is denoted by respectively S®[z]. 

Definition 10 Take two partial orders Xq and Xi. We say that Xq and Xi 
are order-isomorphic if there exists a bijective function f such that x <Xq 
y ^ f{x) <Xi f{y) for all x and y in Xq. We denote this by Xq = Xi. 

If Xq = Xi and Xq or Xi is a wpo, then the other one is also a wpo with 
the same maximal order type. 

The proofs by Schiitte and Simpson |T3] also yield resnlts on the maxi¬ 
mal order types of the sequences with the gap-embeddability relation. More 
specifically, they prove the next lemma (which is in Lemma 5.5 in [H]). How¬ 
ever, there is a small error in their proof, although we believe that this can 
actually be seen as a typo. For clarity reasons, the proof is given here. 

Theorem 7 fSchutte-Simpson|14j 1 

qs ~ qs y V 
^n+l ^ \^nJ ’ 

Proof. Assume n > 0. We define an order-preserving bijection hn from 
to the partial order S® x (S®)*. Let hn{s) be (e, ()). Take an arbitrary 
element s G Then s = Sg 0... Os^, with Sj G for all i and sf is 

the result of replacing every number j in Sj by j -|- 1. Define then h„(s) as 
(so, (si, • • • 5 Sk))- Note that for the sequence s = 0, fc > 1. In other words, 
k represents the number of O’s occurring in s. It is easy to see that is a 
bijection. 

We know prove that s < s' yields h„(s) < h„(s') by induction on lh{s) -\- 
lh{s'). If s or s' is e, then this is trivial. So assume s = Sq 0.. .Osf and 
s' = s'q 0... If fc = 0, then s < s' yields I = 0 and Sq < s'q , or / > 0 
and Sq < s'q. In both cases, h„(s) < hn{s'). Assume k > 0. Then s < s' 
yields / > 0, Sq < s'q and sj^O... Os^ < s'^0... Os'j^ for a certain j > 1. 
From sj^O ... Os^ < s'^0 ... Os'j*", one can prove as before (or by an additional 
induction argument on k) that sj^ < s'^ and S 2 0 ... Os^ < s'j^O ... Os'j*" for 
a certain j 2 > j + 1. In the end, we have Sq < s'q and (sj*",... ,s^) <* 
{s'l,..., s'^). This yields hn{s) < hn{s'). The reverse direction h„(s) < 
hn{s') s < s' can be proven in a similar way. 

□ 
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Corollary 1 o(S^+i) = o(S*) 0 o((S^)*). 


Hence, from the maximal order type of S^, which is the ordinal cu, one can 
calculate the maximal order types of all S®. Following the same template, 
one also has the following lemma. 

Lemma 2 o(S^+i) = o(s;^+i[0]) = o(S^+i[0]) = o((S^)*). 

Proof. The equality o(S^_,_JO]) = o((S®)*) follows from the proof of Theorem 
[71 o(Sl^_,_]^[0]) = o(S^_,_;^[0]) is trivial as they refer to the same ordering. To 
prove o(S^+i) = o(Sl^'+i[0]), note that C hence o(S“[0]) < 

o(S^). Furthermore, the mapping e which plots sq ... Sk-i to Osq ... is 
a quasi-embedding from to S^[0]. Hence, o(S^) < o(S“[0]). 

□ 

These results yield for example 

o(S^)=a;"^ 

We are especially interested in substructures of the wpo’s S'f and S* such 
that their maximal order types are exactly equal to an cn-tower, meaning it is 

.u; 

of the form (without any Thereon, using Theorem [71 Corollary 

[Hand Lemma [21 we define the following. 

Definition 11 Let Sn be the subset of Sn which consists of all sequences 
So ... Sk-i in Sn such that for all i < k — 1, Si — Sj+i > — 1. This means that 
*/ -Si = j, then Sj+i is an element in {0,..., j -|- 1}. For example 02 ^ S 3 . 
Like in Definition\^ we denote the subset of Sn that fulfill the extra condition 
So ^ bySn[i]_ We denote (Sn,<^ap) byS^, {Sn,<lap) byS^, (Sn[f],<gap) 
by^[i] and (S„[f],<^„p) by S*[f]. 

Lemma 3 o(C+i) = o(s“+i[0]) = o(K+i[0]) = o((S*[0])*) = o((s|^[0])*) = 
oiKY). 

Proof. Similar as in Theorem d Corollary [H and Lemma [2l □ 

Corollary 2 For all n, o(^) = u> 2 n-i- 


2.3 Ordinal notation systems 

In this subsection, we introduce several ordinal notation systems for ordinals 
smaller than Sq. All of them do not use the addition operator. 

2.3.1 The Veblen hierarchy 

Assume that (T, <) is a notation system with otype(T) G eo\{0}. Define the 
representation system recursively as follows. 

Definition 12 • 0 G (frO, 

• if a E <PtO and t E T, then ipta E iptO. 

Dehne on the following total order. 

Definition 13 For a,l3 E a < (3 is valid if 

• a = 0 and (3^0, 

• a = (3 = and one of the following cases holds: 

1. ti < t 2 and a' < (3, 

2. ti = t 2 and a' < f3', 

3. ti > t 2 and a < (3'. 

Theorem 8 Assume otype{T) = a E £o\{0}. Then ((^^0, <) is a notation 
system for the ordinal lvF . 

Proof. A proof of this fact can be found in ITO]. □ 

2.3.2 Using the vrj-collapsing functions 

We use an ordinal notation system that employs the vTi-collapsing functions. 
These functions are based on Buchholz’s d^j-functions [1]. We state some 
basic facts that the reader can hnd in in [Ill- 

Definition 14 Let Do := 1 and define Dj as the regular ordinal number 
strictly above u. Define as supj Dj. 

Dehne the sets BF‘{a) and Bi{a) and the ordinal numbers TTja as follows. 
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Definition 15 • If ■y = 0 or ■y < fli, then y G 

• if i ^ j, 13 < ct, 13 ^ Bj{l3) and /3 G then ttjP G Bf^~^^(a), 

• define Bi{a) as Bl^{a), 

• TTjQ; := min {?7 : y ^ Bi{a)}. 

Lemma 4 1- if i < j and a < (3, then Bi{a) C Bj{l3) and Tiia < nj/3, 

2 . < TTja < 

3 . TTjO = f2j, 

4- a E Bi{a) and a < (3 yields nia < ni/3, 

5. a E Bi{a), (3 G -Bj(/9) and Tiia = ni/3 yields a = /3. 

Definition 16 For ordinals a G define Gi^nja) as 

|0 ifj<i, 

1 Gia U {a} otherwise. 

Define Gj(0) as 0. 

This is well-defined, because one can prove that nja G Bq^Qi^) yields 

a G 


Notation 2 For a set of ordinals A and an ordinal a, we write A < a if for 
all (3 G A{I3 < a). 

Lemma 5 If a E then Gi{a) <13 iff a E Bi{f3). 

Proof. We prove this by induction on the length of construction of a. If 
q; = 0 or a = njd with j < i, then this is trivial. Assume a = njS with j > i. 
a = nj5 E Bo{Ili^) yields 5 E Bj{5). Now, Gfa) < f3 is valid iff Gfd) < (3 
and 5 < (3. By the induction hypothesis, this is equivalent with 5 E Bi{/3) 
and S < /3, which is equivalent with a = njS E Bi{/3) because S E Bj{S). □ 

Now we define the ordinal notation systems n{u) and n{n), but first, we 
have to define a set of terms n^u)' and 7r(n)'. 

Definition 17 • 0 G n{uy and 0 G 7 r(n)', 

• if a E n{uy, then Dja E n{uy, 
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• if a E 7r(n)' and j < n, then Dja G 7r(n)'. 

Definition 18 Let a,/3 G 7r(a;)' or E 7r(n)'. Then define a < fi if 

1. a = 0 and fi 0, 

2. a = Dja', {3 = D^fi' and i < j or i = j and a' < fi'. 

Lemma 6 < is a linear order on 7r(a;)' and 7r(n)'. 

Proof. Similar as Lemma 2.1 in pQ. □ 

Definition 19 Fora E 7r(a;)', 7r(?7,)', define Gfia) as follows. 


1. cm = 0 , 



Now, we are ready to define to ordinal notation systems 'n{uj) C ^{uj)' 
and 7r(n) C TT{n)'. 

Definition 20 vr(ci;) and 7r(n) are the least sets such that 

1. 0 E vr(a;), 0 G 7r(n), 

2. if a E vr(a;) and Gfia) < a, then Dia E vr(a;), 

3. if a E vr(?7,), i < n and Gfia) < a, then Dia G 7i{n). 

Apparently, the Dja^s correspond to the ordinal functions Tija: 


Definition 21 For a E vr(ci;) and 7r(n), define 

1 . o(0) := 0, 

2. o{Dja') := Trj{o{a')). 

Lemma 7 For a, fi E n{u) or 7i{n), we have: 

1. o{a) E Boi^ui), 

2. Gi{o{a)) = {o(a;) : x E Gfia)}, 
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3. a < (3 ^ o{a) < o{(3). 


Proof. A similar proof can be found in pQ. □ 

Lemma 8 1. {o(a;) : x G 7r(a;)} = 

2. {o(a;) : x G vr(a;) and x < -DiO} = 

3. {o{x) : X G 7r(n) and x < -DiO} = Tiofln if n > 0. 

Proof. A similar proof can be found in [1]. □ 

Define flDiO as 7ro(ci;) and 7r(n) PlDiO as 7ro(n). It is very important 
to see that we work with two different contexts: one context is at the level of 
ordinals, i.e. if we use the vTj’s. The other context at the syntactical level, i.e. 
if we use the Dfs (because it is an ordinal notation system). The previous 
results actually indicate that Di and vTj play the same role and for notational 
convenience, we will identify these two notations: from now on, we write tt* 
instead of Di. The context will make clear what we mean. If we use Dj in the 
ordinal context, it is interpreted as in Dehnition [TTl In the other context, at 
the level of ordinal notation systems, we dehne Dj as DiO (which is now also 
denoted by TTjO). 

We could also have dehned vr(a;) in the following equivalent way. 

Definition 22 Define 7r(a;) as the least set of ordinals such that 

1. 0 G vr(a;), 

2. If a E vr(a;) and a G Bi{a), then TiiU G 7r(a;). 

Define 7r{n) in the same manner, but with the restriction that i < n. 

In [131, the following theorem is shown. Therefore, 7ro(n) is an ordinal 
notation system for a;„[l] if n > 0 and 7ro(a;) is a system for £o- 

Theorem 9 1. TToDn = if n> 0, 

2 . TToD^ = £o- 
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2.3.3 Using the t9j-collapsing functions 


In this subsection, we give an ordinal representation system that is based 
on the 'dj-functions. For more information about this system that includes 
the addition-operator, see mm- In this subsection, we introduce them 
without the addition-operator. 

Definition 23 Define T and the function S simultaneously as follows. T 
is the least set such that 0 E T, where S'(O) := —1 and if a E T with 

S{a) < i + 1, then 'dia E T and S'('dja) := i. We call the number of 

occurrences of symbols dj in a E T, the length of a and denote this by 
lh{a). Furthermore, let Qi := djO. 

Like in the Di-case, flj is defined as something syntactically because T is 
an ordinal notation system. However, the usual interpretation of flj in the 
context of ordinals is as in Definition [TH S{a) represents the index i of the 
first occurring dj in a, if a ^ 0. 

Definition 24 Let n < u. Define Tn as the set of elements a in T such that 

for all dj in a, we have j < n. Let T[m] be the set of elements a in T such 

that S{a) < m. Define T„[m] accordingly. 

For example Ti = Ti[0] = {0, doO, dodoO,... }. For every element a in T, 
we define its coefficients. The definition is based on the usual definition of 
the coefficients in a notation system with addition. 

Definition 25 Let a E T. //a = 0, then fcj(O) := 0. Assume a = 'dj{/3). 
Let ki{a) then be 


dj{l3)=a ifj<i, 

kfifi) if j > i- 


Using this definition, we introduce a well-order on T (and its substruc¬ 
tures). This ordering is based on the usual ordering between the 'dj-functions 
defined with addition. 

Definition 26 1. If a ^ 0, then f) < a, 

2. if i < j, then < Dj/I, 

3. if a < fi and kia < Aifi, then < difi, 
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4- if a> (3 and -dia < ki/3, then t)ia < t)ij3. 


Definition 27 If a,/3 E T and /3 < Qi, let a[l3] he the element in T where 
the last zero in a is replaeed by (3. 

The following lemma gives some useful properties of this ordinal notation 
system. 

Lemma 9 For all a, (3 and '-j in T and for all i < u, 

1. ki{a) < a, 

2. if a = ... Dj^t with ji,..., >i and (t = 0 ort = Dkt' with k < i), 

then t < 

3. ki{a) < Dia, 

4- ki{,a)Yl] = ki{aYi]) for^ < 

5. if'y < then 7 < I3[y] and there is only equality if (3 = t), 

6. if a < (3 and 7 < hli, then q;[ 7 ] < /9[7]. 

Proof. 

1. The first assertion is easy to see. 

2. By induction on lh{a) and sub-induction on lh(t). If a = 0, then the 

claim is trivial. Assume from now on a > 0. If t = 0 or t with 

k < i, then this is trivial. Assume t = Hit'. Then t = ... Hi^kiit') 

with > i- The sub-induction hypothesis, lh{ki{t')) < lh(t) 

and a = ... Hi^kiit') yield kiit') < Dia. If t' < a, then 

t = Hit' < ilia. Assume f > a. Note that equality is impossible 
because f is a strict subterm of a. We claim that t = Hit' < ki{a), 
hence we are done. We know that ki{a) = .. .Dj^Dit' for a certain 

p with jp = i 01 ki{a) = dit'. In the latter case, the claim is trivial. 
In the former case, the main induction hypothesis on ... Dj^Dit' 
yields t < ■ ■ ■ hlj^Dit' = ki{a). 

3. This follows easily from the second assertion because a = ... Dj^ki^a) 

with ji, ...,jn>i- 

4. Follows easily by induction on lh{a). 
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5. By induction on lh{pf) and sub-induction on lh{/3). If 7 = 0, the state¬ 

ment is trivial to see. From now on, let 7 = 'do 7 ^ If /9 = 0 or = 'dj/3' 
with z > 0, the statement also easily follows. Assume (5 = 'do/9^- We 
see /^[y] = 'do(/9^[7])- Suppose 7 ' < P'Yl]- Assume 7 ' = .. .'djj.fco(70 

with ji,... ,jk > 0 and dehne (3 as /9['do'(^ji • • • The main induc¬ 
tion hypothesis yields fco(70 ^ /^[^o(70] = /^W = Note that 

equality is not possible because /co(70 is a strict subterm of /3[fco(70]) 
hence 7 = '&o'y' < '&o{l3'[y]) = /^[y]. Assume 7 ' > /^'[y]. The sub¬ 
induction hypothesis yields 7 < ko{f3')['y] kQ{f3'[y]). Hence, 7 < 

Wh]) < <)o(/3'H) = Uhl 

6 . By induction on lh{a)+lh{(3). If a = 0 and /9 7 ^ 0, then the previous as¬ 
sertion yields a[ 7 ] =7 < (3[^]. Assume a = 'dia' < 'dj(3' = [3. If z < j, 
then also a[ 7 ] < /^[y]. Suppose i = j. Then either a' < [3' and ki{a') < 
3}j(3', or a < kj{(3'). In the former case, the induction hypothesis 

yields a'[j] < /3'[j] and ki{a'['j]) ki{a')['j] < {^j/3')['y] = '^^(/^'[y]). 

Hence, ^[y] = (z9ia')[7] = '^^(^'[y]) < ^j{/3'['y]) = = P['y]. In 

the latter case, the induction hypothesis yields a['y] < kj{l3')[^] 
^i(/^'[7]) < = M- 


□ 

On T and its substructures, we dehne the following partial order <, which 
can be seen as a natural sub-order of the ordering < on T (see Lemma [n]). 

Definition 28 i. 0 < a, 

2. if a < kiP, then a < "dj/d, 

3. if a < (3, then dia < di/3. 


Apparently, with this natural sub-ordering is the same as S^. 
Lemma 10 (T„, <) = (S„, <^„p). 

Proof. Dehne e : r„ ^ S„ as follows. e(0) is the empty sequence £. Let e/dio) 
be (z)'^e(a). For example e('d2'di0) is the hnite sequence 21. It is trivial to see 
that e is a bijection. So the only thing we still need to show is that for all a 
and (3 in Tn, e{a) <lap ^(/^) if only iia<(3. We show this by induction on 
the sum of the lengths of a and f3. If a or /3 are equal to 0, then this is trivial. 
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Assume a and /3 are different from 0. Hence, a = dia' and (3 = Assume 
a < p. Then a < kj/3' or i = j and a' < (3'. In the latter case, the induction 
hypothesis yields e(a') e(/3'), hence e(a) = (f)'^e(a') {i)^e{l3') = 

e{(3). In the former case, assume (3' = 'di^... with li,... ,1^ > j and 

S{(3'') < j such that kj[(3') = (3". The induction hypothesis yields e{a) <lap 
e{(3"). From the strong gap-embeddability relation we obtain i < S{/3") < 
j, hence e(a) <lap Uh, ■ ■ ■ h)""^{f3") because > h The reverse 

direction can be proved in a similar way. □ 

The previous proof also yields (T„[0], <) = (S„[0], = (S„[0], 

We prove that the linear order < on is a linear extension of <. Let a <1 [3 
ii a< (3 and a ^ {3. 

Lemma 11 If a < /3, then a < (3. 

Proof. We prove this by induction on the sum of the lengths of a and (3 
Assume a < (3. If a = 0, then trivially a < (3. Assume a = dia'. a < /? 
yields [3 = difi' and either a < ki(3' or a' < (3'. In the hrst case, the induction 
hypothesis yields a < ki/3' < Iti/3' = {3. Assume that a' < (3'. The induction 
hypothesis yields a' < f3'. if a' = /S', we can hnish the proof, so assume 
a' < /S'. We want to prove that kiO.' < (3. Using the induction hypothesis, it 
is sufficient to prove that kia' < (3. This follows from a = ... Itj^kia' < (3 

(with ji ,... ,ji > i) and Lemma [Till □ 

The previous lemmas imply that the linear ordering on T„[0] is a linear 
extension of S„[0] with the strong (and weak) gap-embeddability relation and 
furthermore. 


o(T.[0],<)=o(s:[0]) = o(^[0]) = o(s:). 

These results also hold in the case if we allow the addition-operator: the 
ordinal notation systems using'd* and the addition-operator corresponds to 
a linear extension of Friedman’s wpo T„[0] with the strong and weak gap- 
embeddability relation (t„[0] is dehned in a similar way as S„[0], but with 
trees). It is our general belief that this is a maximal linear extension. In 
[T8l [19] we already obtained partial results concerning this conjecture. In 
this paper, we want to investigate whether this is also true for the linearized 
version of the gap-embeddability relation, i.e. if the well-order (T„[0], <) is a 
maximal linear extension of (T„[0], <) = (Sn[0],<*ap) = (Sn[0], <g„p). This 
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can be shown by proving that the order type of (T„[0],<) is eqnal to the 
maximal order type of (S„[0], which is uj 2 n-i- 

Qnite snrprisingly, the maximal linear extension principle is not trne in 
this seqnential version: if n > 2, then the order type of (T„[0], <) is eqnal to 
ujn+i- We remark that the maximal linear extension principle is trne if n = 1 
and n = 2. We prove these claims in the next sections. 

3 Maximal linear extension of gap-sequences 
with one and two labels 

It is trivial to show that the order type of (Ti[0],<) is eqnal to cu, hence 
(ri[0],<) corresponds to a maximal linear extension of S]^[0]. So we can 
concentrate on the case of T2[0]. We show that the order type of (T2[0], <) 
is eqnal to . This implies that (T2[0], <) corresponds to a maximal linear 
extension of S 2 [0] and that the order type of (T 2 [ 0 ],<) is eqnal to 0 ( 32 ). 
More specihcally, we show that 

snp 

The snpremnm is eqnal to 'do'di'd2(0) and knowing that fij is dehned as 'dj(O), 
we thns want to show 


Theorem 10 

Proof. We present a order-preserving bijection from <^9^0 to Lemma 

Elthen yields the assertion. 

Dehne yO := 0 and xPnOi '■= Then y is order preserving. Indeed, 

we show a < (3 ^ ya < y/? by indnction on lh{a) + lh{/3). If a = 0 and 
(3 0, then trivially ya < y/?. Let a = ipna' < (3 = (pmf3'■ li a' < (3 
and n < m then the induction hypothesis yields ya' < 'do'd™y/9' and then 
n < m yields ya = 'do'di'yo' < 'do'd™y/9' = y/?. If n = m and a' < (3' then 
ya = 'do'diya' < 'do'diy/3' = y/5. If a < (3', then ya < y/?' < ■do'd^y/S'- □ 

It might be instructive, although it is in fact superfluous, to redo the ar¬ 
gument for the standard representation for . First, we need an additional 
lemma. 
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Lemma 12 Let a, 13 and 7 be elements in T. 

1. a < (3 <VLi and li < n, ki > 0 for all i <r yield 

< i3o^ff3, 

2. a < (3 <kli and kj < n, kij > 0 for all i,j yield 

^koo^hi^koi _ _ _ < 

^POO^gOl^POl _ _ _ ^^f^O^POso^n _ _ _ ^Pr0^9rl^Prl _ _ _ ^P^s, ^ 

3. k < n and ki > 0 for all i < r yield • • •'(?!’’'i^o’^O < 'i^o'f^i'O. 

Proof. The first assertion follows by induction on r: if r = 0, then < 

■do^i/3 follows by induction on ko- If r > 0, then the induction hypothesis 
yields f = 'dgP . .33\33Q^33'la < do'd^/S. We have f < because ki > 0, 

and thus < i3fl3. We prove 'dQ°i3^ff < i3oi3fl3 by induction on ko. First 
note that we know ko{i3’'ff) = ^ < do'd^/S, hence the induction base ko = 1 
easily follows. The induction step is straightforward. 

The second statement follows from the hrst by induction on the number of 
involved blocks. 

The third assertion follows by induction on r. □ 

Theorem 11 0 ;“^“ = ^0^1122 


Proof. Dehne y : —)■ ^0^1122 as follows. Take a < . Let n be the 

least number such that a < . Let m then be minimal such that 


a = u‘^" + ... + uj‘^" ^-0 . ao, 


with am 7 ^ 0 and oq, • • •, ctm < ■ Put yo; as the element 


dodix(ao) ■ • ■dodix(am). 


It is trivial to see that y is surjective. We claim that a < (3 yields x(q;) < 
x(/9). We prove the claim by induction on lh{a) + lh{/3). 

Let a = u‘^"~'-'^-a' + a and f3 = ■ 13'+ ^ with a', 13' > 0, d < 

and (3 < 00 ^"" . If n < n', then x{P) contains a consecutive sequence 

of -d” which has no counterpart in 7 ( 0 :). Hence, yo; < xP follows from 
a combination of the second and third assertion of the previous lemma. If 
n = n' and m < m' then xiP) contains at least one more consecutive sequence 
of -d” than the ones occurring in 7 ( 0 ;). Thus again yo; < X/9 using the 
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second and third assertion of the previous lemma. If n = n' and m = m' 
and a' < j3' then the induction hypothesis yields x(a') < We know 

x(q^) = x('5)'do'dix(a') and x(/3) = x{.l^)'^o'^iX{.(^')■ So, the second assertion 
of the previous lemma yields the assertion. If n = n' and m = m! and 
a' = (3' then a < (3 and the induction hypothesis yield x(d) < x(/3) and 
x(q^) = x('5)'do'd”x(a') and x(/S) = x{(^)'^o'^iX{(^')■ The assertion follows 
from the sixth assertion of Lemma O □ 


4 The order type of (T^[0], <) with n > 2 

As mentioned before, we expected that (T„[0], <) corresponds to a maximal 
linear extension of S„ [0] and S„[0]. This could have been shown by proving 
that the order type of (T„[0], <) is equal to U 2 n-i- However, by calculations of 
the second author, we saw that (T„[0], <) does not correspond to a maximal 
linear extension. Instead we now show that the order type of (T„[0],<) is 
equal to Un+i for n >2. It is straightforward to prove that the order type of 
(Tri+i[ 0 ], <) is equal to 'do'di'd 2 • • • hence we will show that 

n^n+2 • • • '^n^n+li 

for n > 1. To prove the lower bound (<), we use results by Schiitte and 
Simpson [H]. The other direction will be shown by turning the already 
convincing sketch of the second author into a general argument. 


4.1 Lower bound 

In this subsection, we prove oJn +2 < '^o3}i'd2 ■ ■ ■ where n > 1. 

Definition 29 1. If a &T, define 

I 'djO! if Sa < i, 

ditt := < 

I'djdj+iQ! otherwise. 

2. For ordinals in n^u), define ~ as follows: 

• 0 := 0 , 

• Wla := dj+iO. 
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3. On T, define 0[/9] := fi and {'diafifi] := di{a[l3]). 

4- Let be the function from v^ttohO to T which is defined as follows: 

• fiO := 0 , 

• ■= doa[fi/3]. 


It is easy to see that the image of ip lies in T„_|_i[0]. We show that fj 
is order-preserving in order to obtain a lower bound for the order type of 
Tn+i [ 0 ]. 


Lemma 13 Let a, fi be elements in 7i{u) and 7,5 elements in T. 

1. a < (3 and 7 , 5 < hi yields ^[ 7 ] < 

2. 7 < 5 < n yields a [ 7 ] < a [5], 

3. GkOi < fi and 7 , 5 < hi yield kk+{Q.[fi\ < dk+ififi], 

4- a < fi, GkOi < fi and 7 , 5 < hi yields dk+ici[y] < dk+iP[S], 

5. //C,h e 9^7ro(n)0, then ( < t] yields fjp < fir]. 

Proof. We prove assertions 1.-4. simultaneously by induction on lh{a). If 
q; = 0, then 1 . and 2 . are trivial. Assertion 3. is also easy to see because 
kk+ia[y] = 7 < n < dk+iP[6]. In assertion 4., dk+ia[y] = ^tk+il- Now, 
dk+i/3[S] = “dk+iC foi’ a certain C > Therefore, 7 < C and kk+ij = 7 < 
dk+ifi[5], which yields 4+1®[ 7 ] = ^fc+i7 < 4+4[5]. 

From now on, assume a = TTjQ;'. 

Assertion 1.: a < fi yields (3 = Tijj3' with i < j. If i < j, then the 
assertion follows. Assume i = j. Then a' < /3'. We know that Gfia') < a' 
because TTjQ;' G 7i{u). Assertion 4. and a' < (3' yield dij^ia’fif] < di+.m, 
which is afif] < I3[8\. 

Assertion 2 .: We know that Gfia') < a', hence Gfia') < a' for all I > i. 
Assertion 3. then yields kij^ia'fif] < di^ia'[5] for all I > i. If a' = 0, then 
assertion 2 . easily follows from 7 < 5. Assume a' 0 . 

If S{a') < i + 1, then oifif] = 4+itt'[7] = 4+i'a'[7]- Therefore, assertion 
2. follows if a'fif] < q;'[ 5] and kij^ia'fif] < = 4+ia'[5]. We already 
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know that the second inequality is valid. The hrst inequality follows from 
the main induction hypothesis. 

Assume now 5 '(q;') > i + 1. We claim that < dja'[5] for all 

j G {i + 1,..., S'(q;')}. Assertion 2 . then follows from j = i + 1. We prove 
our claim by induction on I = S{a') — j G {0,..., 5'(q;') — i — 1}. If / = 0, 
then j = S'(q;') > i + 1. Then the claim follows if kja’Yl] < dja'[S\ and 
a'[ 7 ] < a'[5]. The hrst inequality follows from assertion 3. and the fact 
that Gj-i{a') < a'. The second inequality follows from the main induction 
hypothesis. Now, assume that the claim is true for 1. We want to prove that 
it is true for / + 1 = S{a') — j. Hence, I = S{a') — (j + 1). The induction 
hypothesis yields dj+ia'[y] < dj+ia'[6]. We also see that j > i+l, so j —1 > i, 
hence kja'['j] < dja'[S]. Because S{a') — j = / + 1 > 0, we have 5 '(q;') > j. 
Hence, dja'l'j] = -djdj+ia'['j]. The claim follows if kja'['j] < dja'[6] and 
dj+ia'l'j] < dj+ia'[6], but we already know that both inequalities are true. 

Assertion 3.: If i < k, then kk+iC(['j] = ^[y] < dk+i/3[6] because S'(a[ 7 ]) = 
i + I < k + 1. 

If i > k, then kk+ia['j] = kk+iQ:'['j]. Therefore, Gfc(a) = Gkia') U {a'} < fd 
and the induction hypothesis yield the assertion. 

Assume that i = k. Then kk+io.[y] = ^[y] = dk+iOi'[y] and Gk{oi) = Gk{oi') U 
{a'} < /9. The induction hypothesis on assertion 4. yields dk+ia'l'j] < 
dk+i/3[6], from which we can conclude the assertion. 

Assertion 4.: a < (3 yields fd = tTj/S' with i < j. 

If i + 1 = Sia) < /c + 1, then dk+{oi[y] = 'dk+ioiYi]. There are two sub¬ 
cases: either j + 1 = [d[S\ < k + 1 01 not. In the former case, we obtain 
dk+ild[S\ = f}k+ild[5]. Assertion 4. then follows from assertions 1 . and 3. and 
the induction hypothesis. In the latter case, we have dk+ild[5] = 'dk+idk+ 2 ld[d]. 
Assertion 4. follows from ^[y] < dk+ 2 ld[S\ and assertion 3. The previous strict 
inequality is valid because 5'(a[y]) = i-|-l</c-|-l</c-|- 2 . 

From now on assume that i + 1 = Sia) > k + 1. Actually, we only assume 
that S(a) > k. 

GkOi < fd yields Gia < (d for all I > k. We claim that (ij+ia[y] < dj^i/d[6] 
for all j G {k ,..., S'(a)} and show this by induction on / = S{a) — j G 
{0,..., S{a) — k}. The assertion then follows from taking I = S{a) — k. 

If / = 0 or / = 1, then S(a) = k or equals k + 1, hence the claim follows 
from the case S{a) < k + 1. Assume that the claim is true for / > 1. We 
want to prove that this is also true for / -|- 1 = S(a) — j. The induction 
hypothesis on I = S(a) — (j -|- 1) yields dj+ 2 C(['l] < dj^ 2 /d[d]. Now because 
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/ > 1, we have S{(3) > S(a) >j + 2>j + l. So, dj+ia[j] = 'dj+idj+ 2 C^['l] 
and dj+i(3[6] = ■dj+idj+ 2 /d[S]. Then the claim is valid if dj+ 2 C(['y] < dj+ 2 /d[S] 
and kj+ia['j] < dj+i(3[6]. We already know the hrst strict ineqnality. The 
second one follows from assertion 3. and j > k. 

Assertion 5.: We prove this by indnction on lh{() + lh{r}). Assnme C = 
V-Koal < = V- There are three cases. 

Case 1: tiqU < tto/S and J < rj. The indnction hypothesis yields 'ip{'y) < 
ipif]). Fnrthermore, we know that a < jS. If a = 0, then (io®[t/’(7)] = 
want to check if this is strictly smaller than ‘ip{r]) = dQ(]['ip{6)] = 
■dodif3[i/j{6)]. Trivially '^(y) < di(][ijj{6)]. Fnrthermore, fco(t/'(7)) = '^( 7 ) < 
^|J{r]). Hence = 'do'0(7) < 'dodil3[ip{6)] = ipirf). Assnme now 0 < a < /3. 
We want to prove that 


(ioa[V’(7)] = ^odia['ip{'-f)] 

< dQl3[ii{6)] = dodil3[ii{5)]. 

Assertion 4., a < /3 and Go(«) < 01 < (3 yield (iia['^( 7 )] < dil3[^{5)\. Addi¬ 
tionally, 

Mia[^/’(7)] = V’(7) < ^( 7 ) = 'dodi/3[^(^)], 
hence do«[t/’(7)] < <^o/9['0('5)]- 

Case 2 : 7ioa = itqP and 7 < 5. The indnction hypothesis yields '^(y) < 
'0(5). Assertion 2 . on TTott then yields 7 iFa[ 0 ( 7 )] < 7 iFa[ 0 ( 5 )]. Hence, dia[' 0 ( 7 )] < 
dia[ijj(6)] = dil3[ijj{5)]. Additionally, 

kodia[ip{'y)] = ^(y) < 0(5) = ko{di/3[ijj{6)]) < 'do{di/3[ijj{6)]), 

hence (io«[0(y)] < do/3[4’{S)]. 

Case 3.: ttoct > vto/S and C < Then 0(0 < 0(5) < fco(<^i0[0(5)]) < 
^9o(c?i0[0(5)]) = 0(y). □ 

Corollary 3 Un+2 < ^0^1 ■ ■ ■ 3 ^n^n+i 

Proof. From the Theorems | 8 ] and [H we know that the order type of (p7ro(n)0 
is (.Jn+ 2 - Therefore, using assertion 5 in Lemma [131 we obtain uJn +2 < 
otype{Tn+i[0]) = 4 ... ^n^n+1* n 


22 




4.2 Upp er bound 

In this subsection, we prove ■ ■ ■ '^rX^n+i = otype{Tn+i[Q]) < uJn+ 2 - For 

this purpose, we introduce a new notation system with the same order type 
as Tn- 

Definition 30 Let n < u. Define as the least subset ofTn+i such that 

• 0 e T^+i, 

• if a E Sa = i + 1 and i < n, then ■djO; G 

• if a E then t)nOi E 

Note that for all a E we have Sa < n. Let Tq be {0} and define Tf[m] 
accordingly as T„[m]. 

Lemma 14 The order types of Tf and T„ are equal. 

Proof. Trivially, Tf C T„, hence otype{Tfi) < otype{Tn). Now, we give an 
order-preserving function ip from Tn to Tf. If n = 0, this function appears 
trivially. So assume n = m -|- 1 > 0. 

i> ■ Tm+l —t F^+l, 

0 I —)■ 0, 

diO !-)■ didi+i... 

Let us first prove the following claim: for all i < m, if ip{f) < ip{C) < 
fij+i = dj+iO, then ipifiipP) < ipifiiCP). We prove this claim by induction on m— 
i. i = m, then ip{idmO = and ip{idmC) = Hence, ip{^mO < 

ipi^raC) easily follows because /cm(^(0) = ^(0 < ^(C) = ^m(^(C)) < 
ttmi'ipiC))- Let i <m. Then 

ipifiif) = di.. 
iPfdiC) = 'di...'dmfj{.C)- 

Using the induction hypothesis, we obtain ippdij^if) = tti+i... ttmfi’iP.) < 
ipi'di+iC) = ^i+i.. .^nifj{C)- Furthermore, kfiidi+i...'dnif’iO) = kfiipiO) = 
^(0 < ^(C) = kiii’iO) = kiiA+i ■ ..'dm'ipiO) < 'dii'di+i.. .'dm'ipiO). Hence, 
ipi'dif,) = dj... = "dj... -dmt/’(C)- This finishes the proof of 

the claim. 

Now we prove by main induction on lh{a) + lh{/3) that a < (3 yields 
ip{a) < ip{/3). If a = 0, then the claim trivially holds. Assume 0 < a < /3. 
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Then a = dia' and (3 = dj/S'. If i < j, then '^(a) < is also trivial. 

Assume i = j < m and let a' = and (5' = i^ni ■ ■ ■ ^niki/3' 

with ji,... ,jk,ni,... ,ni > i. a < (3 either yields a < kij3' or a' < /3' 
and kia' < /3. In the former case, the induction hypothesis yields 'ip{a) < 
'4){kil3') = ki{'4){'dni.. .3}nikif3')) = ki{'4){l3')) = k^i+i. . .dm^(/3')) 

< 'dii'di+i... 

Assume that we are in the latter case, meaning a' < (3' and kia' < /3. 
The induction hypothesis yields tfja' < 'ipl3' and ipikia') < ip[3. Like before, 
we attain ^jikia') = kii^i+i.. .3}^'ilj{a')) < 'iIjI3 = di(di+i...So 
if we can prove dj+i... 3}m'>P{oi') < dj+i... {}m'ip{/3'), we are done. But this 
follows from the claim: if f = j < m, then S{a'),S{/3') < f + 1 < m, 
hence < ij{/3') < fli+2, so dj+i.. = ij{i3i+ia') < ij{i3i+i/3') = 

{}i+i... 3)rai’{l3')- li i = j = m, then ... ^m'ipia') and ^9^+1... 3}m'ip{/3') 
are actually 'ip{a') and 'ip{/3') and we know that 'ip{a') < 'ip{/3') holds. □ 
The previous proof also yields that the order types of T^[m] and T„[m] 
are equal. 

. ,0J 

4.2.1 The instructive part: 

In this subsection, we prove that is an upper bound for -do'di'd2fl3 as an 
instructive instance for the general case 

^0^1^32 ■ ■ ■ 33rS3n+i = otype{Tn+i[% < u:n+ 2 - 

We will show this by proving that otype{T^[Q]) < . We start with two 

simple lemmata, where we interpret hlj as usual as the uncountable car¬ 
dinal number for f > 0. 

Lemma 15 If 0.2 ■ oi + (3 < 0.2 ■ 1 + 3 and a, 7 < £o cind /3,S < Q 2 and if 
(3 = f- (3' where (3' < kli ■ ■ 5 and f , then ■ ca" -f u‘^°‘ ■ (3 < 

111 • I- ■ 5 . 

Proof. Note that it is possible that (3,5 > kli. If a = 7 then (3 < 5 and the 
assertion is obvious. So assume a < 7. (3' < Qi + u‘^^ -5 yields (3 = ^(3' < 
I- • (f) = 111 ■ ca'*' I- ■ 5 since and are multiplicatively 
closed. By the same argument (3 < oj^°‘-5) = -5. 

Finally, • a;“ -f 0;“^“ ■ (3 < Pti ■ + Pti ■ u'^ + ■ 5 = ■ a;'*' -|- ■ 5. □ 
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Lemma 16 If Vti ■ a + d < f2i • 7 + <5 and a, 7 < Sn (ind B,6 < Hi and if 
■ 5, then ■ fl < • 5. 


Proof. If q; = 7 , then /3 < 6 and the assertion is obvious. So assume a < 7 . 
Then 0 ;“^“ • /3 < ■ 6 = ■ 6. □ 

The last two lemmas indicate how one might replace iteratively terms in di 
(starting with the highest level i) by terms in u, +, hlj in an order-preserving 
way such that terms of level 0 are smaller than cq. 

Definition 31 Define E as the least set such that 

• 0 e E, 

• a E E, then a;“ G E, 

• a, fi E E, then a + fi E E. 

Define the subset P of E as the set of all elements of the form a;“ for a E E. 
This actually means that P is the set of the additively closed ordinals strictly 
below So- 

A crucial role is played by the following function /. 

Definition 32 Let /(O) := 0 and f{u'^^ + 02 ) := + /(«i) + f{c( 2 )- 

This dehnition even works (by magic) also for non Cantor normal forms. 
So if ca"! -|-q ;2 = ^2 we still have /(ca“^ + 0 : 2 ) = + f{ai) + /(q; 2 )[= /(tt 2 )]- 

The function / is easily shown to be order-preserving. Moreover, one hnds 
< /(|^“^ + ct 2 ) < if 02 < 

Fix a natural number n. We formally work with 4-tuples {a,l3,'y,6) E 
E X T[n — 1] X P X E with a,5 E E, 'y E P, fi E T[n — 1] and 5 < 7 . 
Let T[—1] := {0}. We order these tuples lexicographically. Intuitively, we 
interpret such a tuple as the ordinal 


fijj ■ O' 'y ■ /3 6, 

where 12j is as usual the uncountable ordinal for 2 > 0, but now IIq is 
interpreted as 0. 

We remark that the interpretation of {a,l3,'y,6) as an ordinal number is 
not entirely correct: the lexicographic order on the tuples is not the same as 
the induced order by the ordering on the class of ordinals On. But in almost 
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all applications, we know that 7 = And if this true, we know that the 

order induced by the ordering on On is the same as the dehned lexicographic 
one. Additionally, the encountered cases where 7 7^ we know that if 

we compare two tuples and {a',/3', ■y', S') such that a = a', then 

we already know that 7 = 7'. Hence, the order induced by the ordering on 
On between these terms is also the same as the lexicographic one. 

(3 is either 0 or of the form dj/S' with j < n, hence we can interpret that 
P < Qn for n > 0. Assume that ( & P. Then we know that ( ■ Qn = ^n- 
Hence using all of these interpretations, C‘ («; P, 1, <^) is still a 4-tuple, namely 
it is equal to (a, P,( 'iX ' We can also dehne the sum between 4-tuples: 
assume n > 0. If a' > 0, then 


{a,P,lX) + 

If a' = 0 and P' = 0, then 

(a,/3,7,(5) + {a',P\iX') 


Vtn ■ a + 'y ■ P P ^ p ■ 01 + X ' P' P 
Vtn ■ ( q ; -|- a') -\- X ' 1^' P 
{a -h a', P', 7', S') 


Vln ' 01 P 'y ' P P ^ p ' 0 / -\- X ' P 
PtnOi -|- 7 ■ /^ T T S') 

(a,/3,7,(f + 5') 


We do not need the case a' = 0 and P' 0. If n = 0, then 


(cr, P, 7) S) P (o'', P', yf', S') — • 01 P 'y ■ P P ^ P Pn • Oi' P y/' ■ P' P 

= sps' 

= (0, 0, 0, (f + (f') 


From now on, we write 


■ O' P 'y ■ P P ^-1 

instead of the 4-tuple (a,P,'y,S), although we know that the induced order 
by the ordering on On is not entirely the same as the lexicographic one. 

Definition 33 Define as the set consisting ofDn-aPuhO^ ■<5 + 7, where 
a,'y e E with 7 < and S G T[n — 1]. 

Note that after an obvious translation, = E and C T[n —1] C 
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Lemma 17 Assume a',f3' E T[0]. If 

a = ■ ■ ■ ^ 1 ^ 2 " C(' <P = ^^2 ■ ■ ■ ^ 1^2 P' 

with Hi, li > 0, then 

VLi ■ + • • • + . a' + 

< fii • (w'l + • ■ • + + uj^'^+'-'+A’i+h . p' + ^ujh+...+ojk 

Proof. Note that f{u)'^^ +-h u'^p) = + • • • + + Up and that + 

■ ■ ■ + u^p is not necessarily in Cantor normal form. We prove by induction 
on lh{a) — lh{a') + lh{/3) — lh{/3') that the assumption yields 

+ ■ ■ ■ + uj^p,a',uj^^ + ■ ■ ■ + u'^p-A ... ,00^^) 

<lex ( 1 ^^^ + • • • + , fl', + • • • + ; • • • ; ) • 

From this inequality, the lemma follows. 

If lh{a) = lh{a'), then p = 0. If g > 0, then this is trivial, so we can 
assume that q is also 0. But then + ■ • • + u"'p = + • ■ ■ + cab = 0 and 

a' = a < (3 = (3'. Now assume that p > 0. It is impossible that g = 0. 
a < (3 yields either AiA'ff ... AiA'ff’a' < (3' or Aff ... AiA'ff’a' < 

4 ' • • • and ... AiA'ff'a' < ... AiA^f(3'. 

In the former case, the induction hypothesis yields 

+ ■ ■ ■ + u'^p,a'+ ■ ■ ■ + u'^p-\ ... 

<lex + • • • + , f3', + ■ • • + ; • • • ; ) • 

If I 2 "Pilii then trivially 

+ --- + Jp(3\J^ + ■■■ + ..., 

"^lex + • • ■ + CO ^‘‘, /3', + • • • + ) ■ ■ ■ ) P ) • 

If I 2 > h, then 

4'^ + • • •+w'b 4, + • • •+..., w'b 

= (w'l+^ • • •+w'b f3', +j^ + ---+..., w'l+ 
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Assume that we are in the latter case, < '&2-- .'&i'& 2 / 3 ' 

yields ni < h or rii = h and ... ^ii!}2^a' < ^1^2 ... ■di'd2/S'. 

Suppose rii < li. The induction hypothesis on 

• • • ^1^2 P' 


implies 


,n 2 


, .a ,. 


,"2 


'^p—1 




<iex + • • • + , /3', + • • • + S • • • > ) • 


Let 


S ;= (uj^^ + • • • + a', + • • • + u^^-\ ..., 

s' '.= + ■ • • + /?', + ■ • • + ..., co^^). 


Note that lh{s) = p and lh{s') = q + 1. If lh{s) < lh{s') and Si = s' for all 
i < lh{s), then 


+ • • • + a', + • • • + ..., 

= (a ;”2 + • • • + a', + ■ ■ ■ + ..., 00^^) 

<lex + • • • + , 13 ', + • • • + I ■ ■ ■ 1 )) 

where for the last inequality we need rii < h \i p = q. If there exists an index 
j < min{//i(s), lh{s')} such that Sj < s'- and Si = s' for all i < j, then 

+ • • • + a', + • • ■ + ..., 

<lex + • • • + UJ ^’’, / 3 ', + • • • + , • • • ; ) • 

Now assume ni = h. The induction hypothesis on < 

-di'd 2 ... ^1^2/3' implies 

{uj^^ + • • ■ + a;”^ a', + • • • + ..., 

<iex + • • • + /?', + • • • + ..., u^^). 
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Let 


s ;= + • • • + a’, UJ^^ + --- + u^^-\ ..., 

s' := (a ;'2 + ... + ^'2 ^ ... ^ ^ 

Note that lh{s) = p and lh{s') = q. If lh{s) < lh{s') and Si = s' for all 
i < lh{s), then one can easily prove 

(cn''! +u''^ + --- + u''^,a',u'" + ■■■ + 

^lex + • • • + 13'^ (jJ"^ + • • • + ..., + ca^^), 

hence 

{u"' + 0 ;"^ + • • • + 0 ;"^ a', cn"! + • • ■ + ..., cn"! + 

<iex (w'" +uj^^+ --- + J\l3',u^' + ■■■+ cn'^'S ..., cn'i + a;' 2 ) 

^lex ( 1 ^^^ + + • • • + , /3', UJ^' + • • • + : ■ ■ ■ 1 ■} ) • 

If there exists an index j < mm{lh{s),lh{s')} snch that Sj < s' and 
Si = s' for all i < j, then also 

(cn"! + + • • • + a', cn"! + • • • + ..., + cn''^) 

<ze. (c^'" + + • • • + /?', cn'i + • • • + ..., + cn'^), 

hence 

(cn"! + + • ■ • + a', cn"! + • • • + ..., 00 "'+ u''^,u''') 

<iex (w'" + + • • • + cn'% /?', cn'i + • • • + ..., + cn'^ cn'^). 


□ 

Dehne tq as the mapping from T 3 [ 0 ] to = E as follows: let roO := 0. 
If a = .. .i3ii32'’a' with a' G T 3 [ 0 ] and ni,... ,np,p > 0, dehne Toa 

as 


U! 






Lemma 18 Assume a, l3 ^ T'3[0]. If a < (3, then Toa < TqP. 
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Proof. We prove this by induction on the length of a and /3. If a = 0, then 
this is trivial. So we can assume that 0 < a < p. Hence, 


a = 'do'di'do^ ... 


and 

(5 = 

with a', (3' G T3[0] and ni,... ,np,li,... ,lq,p,q > 0. 

We want to prove that 

< ro/3 = ^ + ^Pi+-W^ ^ ... ^ 


a = < {3 = yields two cases: either 

a < /co('di'd 2 •..'di'd^'^/S') = f3' or - and 

a' < (3. In the former case, the induction hypothesis yields Toa < Tq(3' < To(3. 

So assume the latter case. Then the induction hypothesis yields Toa' < 
to(3. Using Lemma fT71 we know that 

Hi • + • • • + o;"^) + 

< Hi • (ca'i H-h w'") + 

If uj"'^ +-h +-h then 

Therefore, 


, 3j""l+'"+“"P / ,aj"lH- huj'^P+n. 

UJ • ytu 

-|-uj"P OJ^-IH- l-Lo'^P+Up 


-■Toa' + u^”^+-+‘^"^ + --- + u‘^^^) 


<UJ^ • ‘ • Toa 

- 

+ U ■ [U ^ +-1- cj“ j 

< ToP, 
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because ‘ ■ + ... + < a;-“ ^. We used the 


■*i+. 

• l^CU" ' ' ” -|- • • • -t- (U” ) <^ U}- 

standard observation that ^ < p + oj^ and X < p imply ^ + oj^ < p + oj^. 
Assume + • • • + + • • • + cab and T^a' < Tof3'. Then Toa < 

To/?. 

Assume a;"i + • • • + ca"'^ = ca^ +-h cab, t^q,' = j-^p' and + 

^^ni+...+^>-i +..._,_ < ^u.h+...+j. ^ ^^n+...W^-i + ... + . Then 

trivially, tqu < Tof3. 

□ 


4.2.2 The general part: 'do .. .'dn^n+i < i^n +2 

We show that otype^T^^^lO]) < oJn+ 2 - The previous section give us the idea of 
how to deal with this question, however the order-preserving embeddings in 
this subsection are slightly different than the ones proposed in the previous 
Subsection l4.2.1l for technical reasons. Fix a natural number n strictly bigger 
than 0. 

Definition 34 Tm are functio'ns from Tfj^i[m\ to Tfff. We define TmCx for 
all m simultaneousl'y by induction on the length of a. If m > n + 1, then 
'^n+A'^] — '^n +1 define r^a = a = fimO + ca^a -|- 0 for all a. Note that 
a G C T[n] C T[m — 1 ], Assume m < n. Define r^O as 0. Define 
Tru'dja as 'djtt if j < m. Define TmhImOi as DmUi^ + ca‘^^(ca'^^^^ • TmkmO- + p) + 1 

if Tm+ia = Qm+lA + p. 

First we prove that Tm is well-dehned. 

Lemma 19 For allm > 0 and a G Tf^^[m], there exist uniquely determined 
ft and p withp < such thatTmOi = Dmld + oJ^^^'^km-iCi + p. Furthermore, 
p is either zero or a successor. 

Proof. We prove the hrst claim by induction on lh{a) and n -|- 1 — m. If 
m > n -|- 1, then this is trivial by dehnition. Assume 0 < m < n. From the 
induction hypothesis, we know that there exist /9, p, fti, pi such that Tm+io = 
Dm+ift+ojl'^^'^kma+p with p < and TmkmOt = Dmldi+u:^^^'^">km-ikma+pi 
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with rji < We want to prove that there exist j3' and rj' such that 

Tm^mOt = ^m!^' + km-i'&mOi + T]' witli T]' < Usiug the dehuitiou, 

= VtrnOJ^ + ■ TrnkrnOi + T]) + 1 

= km-lkmOi + Tji) + //) + 1 

= + Pi) + OJ^^^\oJ^^^^'^km-lkmCi + ?7l) + fj + 1 

= + Pi) + U}‘^^u}'^^'^^u}'^^^^'^km-ikma + r]i + + 1 

= + Pi) + + 1 

= klmioj^ + /3l) + kra-l'&md + 0j‘^^ Tfi + T] + 1. 

Dehne P' as uj^ + Pi >0 and rj' as + oj‘^^ri + 1. Note that 

uj‘^'^uj^^^^T]i < uj‘^^uj‘^^r] < and 1 < 

hence rj' < 

That 7] is either zero or a successor for all m and a follows by construction. 

□ 

The argument in the proof of Lemma [19] is crucially based on the property 
of / regarding non-normal forms. The lemma implies that Tm is well-dehned 
for all m > 0 and it does not make sense for m = 0 because we did not dehne 
k-ia. But, looking to the dehnition of Tq, it is easy to see that Tq is also 
well-dehned. 

Note that one can easily prove roa G for all a G T,:^_,_]^[0]. Furthermore, 
Tga is also either zero or a successor ordinal. For all m and a, dehne (rm«)~ 
as Tm<y, if r] is zero, and as but with rj — l instead of t], if 77 is a successor. 
Additionally, note that if m > 0 and TmCi = ^mP + oj^^^'^km-id + 7] we have 
/5 > 0 ih 77 > 0 . 

In the next theorem, we will again use the standard observation that 
^ < p -f and A < p imply ^ -|- o;^ < p -1- uj^. 

Theorem 12 For all natural m and a, P E T^_^_i[7n], if a < P, then < 

TmP- 

Proof. We prove this theorem by induction on lha F Ihp. If a and/or P are 
zero, this is trivial. So we can assume that a = 79*0' and P = h}jP'. One 
can easily prove the statement if 7 < j, even if j = m. So we can assume 
that i = j. If i = j < m, then this is also easily proved. So suppose that 
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i = j = m. li m > n, then = a < (3 = Tm/3, hence we are done. So we 
can also assume that m < n. 

a = 'QmOt' < 'Qm.f3' yields a < km(3' or a' < (3' and kmd' < (3. In 
the former case, the induction hypothesis yields Tm<y < Tmkm(3' < Tm'&ml3’ 
= Tm/d, where Tmkm/3' < Tm'&m(3' follows from the dehnition of Tm'&ml3'■ (One 
can also look at the proof of Lemma [19] for m > 0. The case m = 0 is 
straightforward.) So we only have to prove the assertion in the latter case, i.e. 
if a' < (3' and kmd' < {3. The induction hypothesis yields Tm+id' < Tm+if3' 
and Tmkmd' < Tm(3- Assume 


Tm+id Vt^n+i ■ di T ^ • kjyid T 02 , 

Tm+l(3' =Om+l • A + ■ km(3' + Aj 

where 02 < A < Then 

Tmd =ilrn ' ■ T^krad' + 02) + 1 , 

'Tral3 =k2m ' ■ Tmkm/3' + A) + 1- 

The inequality T^+id' < Tm+i/3' yields di < (3i. Assume first that di = /3i. 
Then r^+ia' < r^+i/d' yields k^d' < km(3'. If kmd' = km(3', then 02 < A ^md 
Tmd < Tm/3. If kmd' < km(3' then the induction hypothesis yields Tmkmd' < 
Tmkm/3' and ■ Tmkmd' + d 2 < . Tmkm/3' + A, siuce Q!2 < 

We then hnd that Tmd < Tm(3. So we may assume that di < (3i. 

Case 1: kmd' < 'd^O. Then Tmkmd' = kmd'. Hence, 

Tmd = Vtm • • kmd' + d2) + 1 

< flm • ■ Tmkm/3' + A) + 1 

= Tm/3 

follows in a straightforward way. 

Case 2: kmd' > "dmO. Using the definition, we then have {Tmkmd')~ + 1 = 
Tmkmd'. We show that 

• {Tmkmd'y + + 02 ) + 1 < (r^/d)” 
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holds, hence 


TmOi = VLm ■ • {TmkmOi')~ + + 0 : 2 ) + 1 

< + (Tm/S)" 

= {Tm(i)~ 

< Tm/3. 

We know TmkmO.' < Tm/3, hence 

{Trakma'Y < • TmkmP' + P2) ■ 

Therefore, ■ {TmkmOi')~ < • {TmP)~ = {Tmf3)~ because 

and f{u}°‘^) < < ca^b 

The last term in the normal form of ■ (52 is bigger than . Note 
that Tm+i/S' = ffm+i ■ /di + . kml5' + ( 32 - The observation just before 

this theorem yields 02 > 0 otherwise 0 i is zero, a contradiction (because 
/3i > ai). So if 

a;‘^“'(cab“i) + a2) + l < 

we can hnish the proof by the standard observation ^ < p + and A < p 
imply .^ + < p + u^. 

Now, 


= + 1 


because u‘^°‘^a 2 < and f{uj°'0 < < ca^b 

□ 

Lemma 20 For all a G + 1] we have that if Tm+iOi = ffm+i/d + 

uh^^lk mOi + p, then 

{ 0 < = Uq if m> n, 

0 < Un-m ifm<n. 

Proof. We prove this by induction. If m > n, then Tm+io: = ffm+iO + ca^o;, 
hence we are done. Assume m < n. If a = 0ja' with j < m + 1, then 0 = 0 < 
Un-m- Assume a = 0rn+iOi'■ Assume Tm+ 2 Ci' = klra+20'^km+iOi'+p' and 
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'Tm+ikm+id' = From the induction hypothesis, 

we know (3' < cOn-m-i and /di < oJn-m- Then 


= kmkm+lOi' + Tji) + 7]^) + 1 

= VLm+iu:^' + u:k^^'\VLm+il3i + + r]i) + r]' + 1 

= Qrn+i{oj^' + (3i) + + r]i) + T]' + 1. 

Now, bJ^' + /9l < UJn-m- □ 

Lemma 21 Let n > 1. For all a E T,^_,_]^[0] we have that r^a < uJn+ 2 - 

Proof. We prove this by induction on lh{a). If a = 0, this is trivial. Assume 
a E T,:l+i[0], meaning a = tHoCn' with a' E [1]. Assume Tia' = Qi/3' + 
LL>h(Fl koa' F rj' with i]' < Using Lemma 1201 we know that (3' < oon-o = 

LJn- Additionally, the induction hypothesis yields Tokoa' < LJn+ 2 - Now, 

Toi9oa' = cj‘^^ (cjk(h')j-^koa' + ?]') + 1 . 

From the dehnition of /, one obtains that f{l3') < ft'-uj. Hence, + 

T]' < LohiP) {Tokoa' + 1) < UJn+2, SO To'dott' < ^^n+2- □ 

Corollary 4 otype{Tf^i) < Un+ 2 - 

Proof. By Theorem [T^ tq is an order preserving embedding from 
to Tq'"'' = E. Furthermore, from Lemma [HI we know ToO < oJn +2 for all 
a E T;l+i[0]. Hence otype{Tf^^) < Un+ 2 - □ 

Corollary 5 -do^i... ^n^n+i < uJn+ 2 - 

Proof. By Lemma [TTl we know 

'do'dl • • • 'dnfln+l = otype{Tn+iff\) = otype{T'^^^fi\), 

hence the previous corollary yields 'do'&i. ■ ■ < uJn+ 2 - D 
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5 Binary ??-functions 

7 /) 

So the question remains whether a maximal linear extension of can be 
realized by a suitable choice of unary functions. It turns out that this, as 
we will show, is possible using specihc binary theta-functions. However, the 
question if this doable with unary functions remains open. Let n be a hxed 
non-negative integer. In this subsection, we also use the notation T„, however 
it is different then the previous one. 

Definition 35 Let be the least set sueh that the following holds. On T^, 
define S and Ki. 

i. 0 G Tn, SO := -1, KiO := 0, 

then 9ia/3 G T^, SOiafi := i 

if 3 < i, 

otherwise. 

Note that all indices in T„ are strictly smaller than n. 

Definition 36 For Oiafi, BijS G Tn, define Oiafi < iff either i < j or 
i = j and one of the following alternatives holds: 

• a < j & Kia U {/5} < 9j^5, 

• a = 'J fz /3 < S, 

• a > 7 & 9ia/3 < Kij U {5}. 

Let 0 < 9iaf5 for all 9iafii G T„\{0}. 

Here 9iafi < U {5} means that 9iafi < f for every G Ki'y U {5}. 
Lemma 22 For 9ial3 G T„, we have fi < 9iafi. 

Proof. This can be proven by induction on lh{fi). □ 

Definition 37 Define OT^ F Tn as follows. 
tog OTn, 


2. if a, fi G Tn, Sa < i -|- 1 and Sfi < i < n, 
and 


KAa/3 := { 


Kja U Kj/3 


{diafi} 
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2. if a, 13 G OTn, Sa < i + 1, Sf3 < i < n and Kia = 0, then Qiafd G OTn 

Note that Kia = 0 yields that a does not contain any dj for j < i. 

Definition 38 If K^a = 0, let a~ he the result of replaeing every oceurenee 
ofOi hyOi-i. 

Lemma 23 If a < /3 Sz K^a = KqI3 = 0, then q~ < I3~ and {Ki+ia)~ = 
Kia~. 

Proof. This can be proven in a straightforward way by induction on lh{a) + 
lh{P). □ 

Therefore, if 6iaP G then a~ is dehned and it is an element of 

OTn-i- Additionally, if i = 0, then ^(q;"), 5'(/9) < 0. 

Definition 39 Define OT„[0] as OTn H hli, where hli ;= 6^000 

Definition 40 Define Oi : OTi[0] u as follows. An arbitrary element 
of OTi is of the form 9o{0, 6*o(0,... 6*o(0, 0)...)). Define the image of this 
element under oi as k if 0 q{-, •) oeeurs k many times. Define On ■ OTjfl] —)■ 
^ 2 n-i for n > 1 as follows. 

1 . On(0) := 0, 

2. On(0oal3) := (fo^.r(a-)On{.l3)- 

Note that S'(q;“), 5'(/9) < 0 if O^afl G OT„[0]. 

Theorem 13 For every n>l,Onis order-preserving and surjective. 

Proof. The surjectivity of o„ is easy to prove. We prove that o„ is order¬ 
preserving. If n = 1, this is trivial. Assume n > 1 and assume that o„_i 
is order preserving. We will show that for all a,/3 E OTji[0], a < (3 yields 
On{<y) < On{/3). If a and/or (3 are equal to zero, this is trivial. Assume 
< a < (3. Let a = B^a^a^ and (3 = 6*o/9i/92- Then a < iff one of the 
following cases holds: 

1. Oi < /9i and a^ < 9o(3il32, 

2. oi = Pi and 0:2 < P 2 , 

3. Oi > Pi and Boaia 2 < P 2 - 
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Note that ai < (3i yields by Lemma 1251 hence o„_i(ah) < On-i(/dr)- 

Furthermore, the induction hypothesis yields that the previous case i. is 
equivalent with the following case i. for all i. 

f* 1^1 ^ l/^l and O^CX2 ^ ^n^o/^l/^27 

2. o„_iah = On-i/9r and 0^02 < Onf^2, 

3. On-iah > On-i/df and On0oaia2 < On/d 2 - 

Hence the above case i. is equivalent with the following case i.: 

1 . On-iaf < On-l/3i and 0^02 < </ 3 o,,_i/ 3 pC'n/? 2 , 

2 . On-iaf = On_i/5f and 0^02 < On/32, 

3. On-iar > On-l/3i and (^o„_^„-Ona 2 < On/^ 2 - 

This is actually the dehnition of ^o„-ia-^nOi 2 < so o„ 6 *oaia 2 < 

OnOoPlP2- 

□ 

This yields the following corollary. 

Corollary 6 otype{OTn[0]) = uj 2 n-i if n> 1 . 

This ordinal notation system corresponds to a maximal linear extension 
of S*[0] = S^iO], 

Definition 41 Define f from to OTn as follows. f{e) := 0 if e is the 
empty sequence. f{iii...ikjs) := Oi{f{ii^..ik)){f{js)) if i < ii,...,ik and 
j < i. This yields that f{i) is defined as 6 ^ 4 ( 0 , 0). 

Lemma 24 OT^ is a linear extension o/S^. 

Proof. We prove by induction on the length of s and t that s <lap ^ yields 
/(s) < f{t). If s and/or t are e, then this is trivial. Assume not, then 
s = Hi... ikjs' and t = ppi...prQt' with ii, ■ ■ ■ ,ik > i ^ j and pi,... ,pr > 
p > q. If i < p, then /(s) < f{t) is trivial. Furthermore, s <lap ^ yields 
that i > p is impossible. Therefore we can assume that i = p. If the hrst i 
of s is mapped into qt' according to the inequality s <lap then i = q and 
s ^lap hence /(s) < f{qt'). From Lemma 12^ we know f{qt') < f{t), 
hence we are done. Assume that the hrst z of s is mapped onto the hrst 
z = p of f according to the s <lap t inequality. Then js' <lap and 
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ii ■ ■ - ik ^lap Pi ■ ■ - Pr- The induction hypothesis yields f{js') < f{qt') and 
< /(pi.. .p^). ^If f{ii...ik) = /(pi...Pr), then /(s) < f{t) 
follows from /(js') < f{qP). If /(ii...4) < /(pi-.-Pr), then f{s) < f{t) 
follows from f{js') < f{qP) < f{t) and . ..ik)) = 0. 

□ 


Corollary 7 Or„[0] is a maximal linear extension o/^[0] = S^[0]. 

Proof. The previous lemma yields that (9T„[0] is a linear extension of S„[0]. 
We also know that otype{OTn[0]) = u^n-i = o(S„[0]). □ 

In a sequel project, we intend to determine the relationship between other 
ordinal notation systems without addition with the systems studied here. 
More specihcally, we intend to look at ordinal diagrams HZ], Gordeev-style 
ordinal notation systems [B] and non-iterated ■d-functions P 120] • This will 
be published elsewhere. 
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